The Distributions of Eddy Viscosity and Turbulent Velocity

in Pipe Flow

Since Boussinesq (I) first intro-
duced the concept of the eddy viscos-
ity in 1877, many investigators have
attempted to determine values of this
quantity for the steady turbulent fiow
of incompressible fluids in pipes and
between parallel flat plates. Corcoran
et al. (2) have summarized some of
the techniques that have been used to
obtain these values, and have pre-
sented comparisons of measured and
derived values.

Although no completely satisfactory
expression exists to describe the tur-
bulent time-smoothed velocity distribu-
tion in pipe flow, many investigators
have employed analytical expressions
for the velocity distribution in making
eddy viscosity calculations. It is the
purpose of this communication to sum-
marize the conditions that the eddy
viscosity concept and any valid turbu-
lent velocity profile expression mutu-
ally impose on one another.

For pipe flow under the above men-
tioned restrictions, the eddy viscosity
is defined by

av,
Vgeree=— (v+er) o =
liVﬁ
— €ror dr (1)

As Hinze (3), as well as other in-
vestigators, has shown, the axial com-
ponent of the equation of motion may
be integrated over the radius to pro-
duce the following shear stress distri-
bution for turbulent pipe flow.

Trs = T, T/,

(2)

In order to simplify the algebra in-
volved, the dimensionless viscosity, ra-
dial position, velocity, and stress vari-
ables are employed. Substituting these
variables, and (2) into (1),

du
€ X8/ 7 (3)

Symmetry imposes

the following
conditions on ()
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du
0)=1 —(0)=0 4
u(0) de( ) (4a)
while the assumption of no slip and
conservation of mass add

u(l) =0 j:l uwddg = 2<u>
(4b)

Integration of (3) across the radius
produces an often useful relationship
between the eddy viscosity and the

velocity.
J

It is the purpose of this communi-
cation to examine what other higher
ordered conditions are imposed on
€(9) by u(8) and vice versa.

cedu = x/2 (4c¢)

WALL EFFECTS

At the wall, molecular effects pre-
dominate, (¢ = 1) and

L= ®
Further
du d'u
de do Cde
o - X du \* (6)
(%)
At the wall
de X +% (L)
X T (7)

This relationship may be manipulated
to produce the inverse relations for the
wall derivatives.

du 0y
%(1)=1+ i (8a)
d'u de
Sy =x[F@w=1] e
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CENTER

At the pipe center
9
du/dg

e =lim—x

9)

-0

Applying Lhospital’s rule, the in-
verse center relations are produced.

X
d'u 0
M )

(10a)

An alternate expression that is less
awkward may also be written,

X

(0) = — (10b)

Graphical differentiation of velocity

distribution data will show that
d2
—ag—- (0) is finite and negative, caus-

ing €(0) to be nonzero and positive.

Further, for continuity and sym-
metry it is necessary that de/d# and
all other odd order derivatives of ¢ be
zero at the tube center.

Differentiating (3), and applying
L’hospital’s rule three times, the fol-
lowing is obtained at § = 0.

de d'u €(0)?
S0 =-— o[ ] a

This shows that the condition for
symmetry and continuity on ¢ imposes
the condition on u(#8)

du
—_—= = 12
7 0 =0 (12)
It should be pointed out that it is
not necessarily obvious on physical
grounds that e should have continuous
derivatives across the tube center.
These relations show only what is re-
quired of the distribution expressions
if continuity is to be indeed satisfied.
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TasLE 1

Turbulent velocity
u=Vl/Vnmnx
Siubds = 2<u>
du du du a&
—(0) =0 —_ (1) = — il _ u
de de (1) x de (60) =0, a7 ()
da“ -— X d"u de
Soeg e
(0 «(0) 2 =y (M-l
e (6 du .
du N AT I
—(0)=0 28 6 =
de de® x8e
dt (0
U (0) = (0)x
det e(0)?
Eddy viscosity
eror
€ ==
v
__"x _ 6 * x
(0 == ‘T -[‘d“:E
— (0) —_
de? de
— d* d
(0) = ——X% 2w S =
22 (0) S -1+ X @
de* de B X
. d*u (s
de (0) =0 &e (o) T
do " d# T T du z
EXm
ds
d‘u 0
e ) (%
de* B [d’u 0 :r
~ (0)

Experimental evidence from many
investigators shows that ¢ decreases
near the center line. This, of course,

d'e

d
implies that if Ej (0) = 0, then

is necessarily positive at the center.
Differentiating (6), applying L’hospi-
tal’s rule, breaking up the limit into two
parts, employing (11), the following
15 obtained.

d'u 0)
d’e dg*
=y ——
a7 (0) =x [ T o ]2 (13)
ay
Substituting from (10b),
d’e du e(0)*®
0) =—— 4
e (0) 7 (0) (14)
e d'u
This implies that (0) must be

positive if e reaches a minimum at
6= 0.

0<o<1

If ¢ reaches a minimum at the cen-
ter, then, as has been shown by many
investigators, it reaches a maximum at
a value of 9 away from the center, de-
noted by .. From (6), an expression
at 6, may then be written.

du du
7Y e = Yo" 00 15
(00 = 6. —(0)  (15)
d
At 4., € reaches a maximum, 7};— =

0, and % must be negative. Differ-

entiating, taking the limit, and employ-
ing (15), the following is obtained.
(Continued on page 759)

Chemical Reactor Stability by Liapunov’s Direct Method

In two recent articles (I, 2), Berger
and Perlmutter discuss the use of
Liapunov functions to determine the
stability range of a chemical reactor.
Two points, however, require some
additional comment. First, the condi-
tions presented to determine the region
of asymptotic stability are overly con-
servative. Second, a less restrictive
definition of Krasovskii’s theorem for
the generation of YLiapunov functions
allows a search for a broader stable
region.
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CONDITIONS FOR STABILITY

In Liapunov’s direct method, as-
ymptotic stability of a system is as-
sured in a region of the phase space
enclosed by an analytic positive defi-
nite function, V, provided that its time
derivative, V, is’ negative throughout
this region (except for the trivial solu-
tion at the focus). After constructing a
quadratic function of the time deriva-
tives of the state variables, the authors
(1) use Sylvester’s conditions to de-
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termine the sign of the derivative of

the Liapunov function, V. However,
the Sylvester conditions are necessary
only for positive definiteness through-
out the phase space; they do not de-
lineate the region in which the quad-
ratic form is positive. For example, the
Sylvester conditions are not fulfilled at
any point for the function F = «* +
3 xy + y°; yet F is positive through-
out a considerable part of the xy plane.
Thus, the derivative of the Liapunov
function as defined in reference 1 is
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(Continued from page 749)

d’u
de T b —-C—[GT (4.)
e 0) =X m (16)
A @
&
This implies that d&l: (8,) must be

negative.

o du .
Since s negative or zero every-

2,

where, as is

the following may

z

be written.
0. <0<l ﬂo<§—u— (17)
ag ds
0< 8L, ~d—!—‘-<0—§l‘—- (18)
dg ag’
=1 ﬂ(l)<-x (19)

dg’

A total of thirteen constraining re-
lationships on «(#) with an associated
eight inverse relations on «(6) has
been presented. Obvicusly no existing
expression proposed for the turbulent
velocity distribution in pipes meets
these numerous conditions. It is be-
lieved, however, that it is constructive
to have in hand what the mutually
constraining conditions are on these
two distributions. The relationships
that have been discussed are summar-
ized in Table 1.

NOTATION

T == radial distance, L
7o == pipe radius, L

© = dimensionless velocity, V./
V:maa

V = specific volume, M/L*

V. = time smoothed axial velocity,

L/T

dimensionless viscosity, eror/v
eddy kinematic viscosity, L°/
T

total viscosity, L*/T

molecular kinematic viscosity,
LT

= dimensionless radial position,
/T

shear stress, F/L?

wall shear stress, F/L*
dimensionless parameter,
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